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Abstract: In this paper, we prove that every multiplier M (i.e. every bounded operator 
commuting whit the shift operator S) on a large class of Banach spaces of sequences on 
Z is associated to a function essentially bounded by ||M|| on spec(S). This function is 
holomorphic on spec(S), if spec(S) 7^ 0. Moreover, we give a simple description of spec(S). 
We also obtain similar results for Toeplitz operators on a large class of Banach spaces of 
sequences on Z + . 
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1. Introduction 

Let E C C z be a Banach space of sequences. Denote by S : C z — ► C z , the shift operator 
defined by Sx = (x(n — l)) n eZj for x = (x(n)) ne z, £ C z , so that S~ x x = (x(n + l)) n ez- Let 
F(Z) be the set of sequences on Z, which have a finite number of non-zero coefficients and 
assume that F(Z) is dense in E. The elements of F(Z) will be said finite sequences. We 
will call multiplier on E every bounded operator M on E such that MSa = SMa, for every 
a G F(Z). Denote by n(E) the space of multipliers on E. For z G T = {z G C | \z\ = 1}, 
set ip z (x) = (x(n)z n ) ne z, for x = (x(n)) n& z- Notice that if for z G T, ip z (E) C i? and if for 
all n G Z, the map p n : x — > x(n) is continuous from i? into C, then from the closed graph 
theorem it follows that ip z is bounded on E. In this paper, we deal with Banach spaces of 
sequences on Z satisfying only the following very natural hypothesis: 

(HI) The set F(Z) is dense in E. 

(H2) For every n G Z, p n is continuous from E into C. 
(H3) We have ip g (E) C E, Vz G T and SUp 2eT H^zH < +00. 

It is easy to see that if S(E) C E, then by the closed graph theorem the restriction S\e 
of S to E is bounded from E into F. From now we will say that S (resp. S^ 1 ) is bounded 
when S(E) C E (resp. S~ 1 (E) C E). If S'(F) C E, we denote by spec(S) the spectrum of 

the operator S with domain F. If S is not bounded, denote by spec(S) the spectrum of S. 

l 
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Here S is the smallest extension of S\f(z) as a closed operator. Recall that the domain of S 
is 

D(S) = {x G E, 3(x n ) ne i C F(Z) s.t. x n — > x and Sx n — > y G E} 
and Sx = y. Our aim is to prove that every multiplier on E is associated to a L°°-function 

o o 

on spec(S), which is holomorphic on spec(S), if spec(S) ^ 0. The multipliers on 1^(1^), when 

o 

the weight u> is such that S and S -1 are bounded and spec(S) ^ were investigated by 
Shields in [TU] (see [5] for the case of the spaces / P (Z), p > 1). Gellar considered in [1] a 
larger class of Banach spaces with Schauder basis. On the other hand, the case of spaces 

o 

/^(Z) when spec(S) = was treated only recently by Esterle in [2]. The case of weighted 
spaces F^(K) has been examined in [8]. Nevertheless, to our best knowledge it seems that 
this problem for general Banach space of sequences satisfying only hypothesis (HI), (H2) 
and (H3) has been not yet considered in the literature. 

Let e/c be the sequence such that ek{n) = if n ^ k and ek(k) = 1. Define for r > 0, 

C r := {z G C | |*| = r}. 

From now, E is a Banach space of sequences on Z satisfying (H1)-(H3). For M G /J>(E), set 
M = M(eo) and for z G C, denote by M(z) the formal Laurent series 

M( z ) =J2M{n)z n . 

For M G /i(-E), we call M the symbol of M. Given a 6 i?, set a(z) = ^2 ne zCi{n)z n , for 

z G C. It is easy to see that Ma = M * a, for a G F(Z) and that we have on the space of 
formal Laurent series 

Ma(z) = M(z)a(z), Vz G C, Va G F(Z), 

but it is more difficult to determine when M(z) converges. It is natural to conjecture that 
M(z) is a convergent series for z G spec(S) and that the function M is holomorphic on 

o o 

spec(S), if spec(S) ^ 0. Notice that the main difficulty is to show that M is essentially 
bounded on spec(S) when spec(S) is a circle. For a closed operator A with dense domain, 
denote by p(A) the spectral radius of A defined by p(A) = sup{|A| , A G spec(A)}. We 
suppose that at least one of the operators S and S -1 is bounded. Our main result is the 
following. 

Theorem 1. 1) If S is not bounded, but S~ l is bounded, p(S) = +oo and if S is bounded, 
but S -1 is not bounded, p(S~ r ) = +oo. 

2) We have spec(S) = {^ry < \z\ < p{S)\. 

3) Let M G fi(E). For r > such that C r C spec(S), we have M G L°°(C r ) and 

\M(z)\ < \\M\\, 
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a.e. on C r . 

, o 

4) If p(S) > pis- 1 ) ' ^ ^ holomorphic on spec(S). 
If p(5' _1 ) = +00, here pTg=r\ denotes 0. 

The class of Banach spaces of sequences on Z that we consider in this paper is very 
general. For example (H3) is satisfied for every Banach space E with a norm such that 
||(x(n)) ne z|| = ||(|x(n)|) n ez||- We will see later that our hypothesis imply that for x G E, we 
have 

p 



lim 



p=0 n=— p 

but not necessary lim p ^ +00 ||sc — Yln=- P x ( n ) e ™ll as ^ ^ as been assumed in [I]. The Example 
5 below shows that this situation appears and this makes obvious the generality of our con- 
siderations. We will give some classical examples of Banach spaces satisfying the conditions 
(HI), (H2) and (H3). 

Example 1. 

Let w be a weight on Z, i.e. a; is a positive sequence on Z. Set 

Z(Z) = [{x{n)) n& eC z \J2 \x(n)\ p u;(ri) p < +00}, 1 < p < +00 

neZ 

and 

5>(n)| p 6 

It is easy to see that the Banach space Z£(Z) satisfies our hypothesis. 
Example 2. 

For every two weights u>i and co> 2 and 1 < p < +00, 1 < q < +00, the space ^(Z) n ^ 2 (Z) 
with the norm ||x|| = max-dlxH^p, HxH^^} satisfies also our conditions. 

Example 3. 

Let K, be a convex, non- decreasing, continuous function on R + such that /C(0) = and 
/C(x) > 0, for x > 0. For example, K, may be x p , for 1 < p < +00 or x p+8tn ^° s ^~ log ™ , p > 
1 + v2. Let w be a weight on Z. Set 

k>(Z) = |(x(n)) neZ G C z I ^/c(^-^)u;(ri) < +00, for some t > oj 

and 

\x(n)\' 



0, 



inf{t>0| J>pp)u;(n) < l}. 



The space /^(Z), called a weighted Orlicz space (see [3], [6]), is a Banach space satisfying 
our hypothesis. We can apply Theorem 1 to the multipliers on /jc ia ,(Z) as well as to the 
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spectrum of the shift on /^(Z). It seems that in the literature there are no complete results 
concerning the spectrum of the shift on ^ ^(Z). 

Example 4. 

Let (q(n)) ne z be a real sequence such that q(n) > 1, for all n G Z. For a = (a(n)) ne z £ C z , 
set 

||a|| w = inf{f >0| Y\-Y 

Consider the space /M = {a eC z \ \\a\\ {q} < +oo}, which is a Banach space (see PQ) satisfy- 
ing our hypothesis. Notice that if lim n ^ +00 \q(n + 1) — q(n)\ ^ and if sup ngZ g(n) < +oo, 
then either S or S^ 1 is not bounded (see [7]). 

Example 5. 

Denote by C[o,2tt] the space of continuous, 27r-periodic, complex-valued functions on 1L For 
/ G C[o,2tt], we denote by / the sequence of Fourier coefficients of /. Set C — {/ | / G C[o,2tt]} 
and ll/H = H/lloo, for / G Cp^]- It is easy to check that the hypothesis (HI) and (H2) are 
satisfied by C. For aGl and / G Cjo^tt], ^e ia {f) is the sequence of Fourier coefficients of 
the function t — ► f(t + a). So it is clear that (H3) is satisfied by C. Notice that in C, f is 
not the limit of ^| n |< fc /(^)e„ as k — > +oo and the space C is not included in the class of 
Banach spaces treated in [I]. 

Remark 1. If both S and S^ 1 are unbounded then Theorem 1 is not valid in general. 
For example, if E = ^(Z), where u(2n) = 1 and u{2n + 1) = \n\ + 1, for n G Z, S and 

5* _1 are not bounded. It is easy to see that spec(S) = C and S 2 G fJ>(E), but S 2 (z) = z 2 is 
obviously not bounded on C. 

In Section 3, we investigate Toeplitz operators on a general Banach space of sequences on 
Z + = N, which will be defined precisely in Definition 2 below. There are many similarities 
between multipliers and Toeplitz operators. We are motivated by the recent results in [2] 
about Toeplitz operators on /5(^ + ) ; where u is a weight on Z + and the results of the author 
(see [9]) concerning Wiener- Hopf operators on weighted spaces L 2 (R + ). Let E C C z+ be a 
Banach space. Let F(Z + ) (resp. F(Z~)) be the space of the sequences on Z + (resp. Z~) 
which have a finite number of non-zero coefficients. By convention, we will say that x G F(Z) 
is a sequence of F(Z + ) (resp. F(Z - )) if x{n) = 0, for n < (resp. n > 0). We will assume 
that E is satisfying the following hypothesis: 

(HI) The set F(Z + ) is dense in E. 

(7^2) For every n G Z + , the application p n : x — > x(n) is continuous from E into C. 
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(H3) For x = (x(n)) ne z+ G E, we have r y z {x) = (z n x(n)) ne %+ G E, for every z G T and 

SU P 2G T WlzW < +00. 

Notice again that if n f z (x) G E, for every x G E, then 7 2 : E — ► E is bounded. 

Definition 1. We define on C z+ the operators Si and S_i as follows. 

Forue C z+ , (Si(u))(n) = 0, i/ n = and (Si(u))(w) = u(n- 1), if n > 1 

(S_i(u))(n) = «(n +1), /orn> 0. 

For simplicity, we note S instead of Si. Remark that we have S_iS = J, however we 
do not have SS_i = / and this is the main technical difficulty in the analysis of the case 
of Toeplitz operators. It is easy to see that if S(E) C E, then by the closed graph theorem 
the restriction S|e of S to E is bounded from E into E. We will say that S (resp. S_i) 
is bounded when S(E) C E (resp S_i(E) C E). Next, if S| E (resp. S_i| E ) is bounded, 
spec(S) (resp. spec(S_i)) denotes the spectrum of S|e (resp. S_i| E ). If S (resp. S_i) is not 
bounded, sjoec(S) (resp. spec(S_i)) denotes the spectrum of the smallest closed extension 
of S| F(Z +) (resp. S_i| F(z +)). 

Definition 2. A bounded operator on E is called a Toeplitz operator, if we have: 

(S^TS)u = Tu, V«G F(Z+). 

For u G l 2 (7Lr) © E introduce 

(P+(u))(n) = u(n), Vn > and (P + (u))(n) = 0, Vn < 0. 

Given a Toeplitz operator T, set T{n) =< Te ,e_ n > and T(—n) =< Te n ,e >, for n > 0. 
Define T = (T(n)) ngZ . It is easy to check that 

Tu = P + (f *u), Vu G F(Z+). 

Set 

T(z)=J2T(n)z n , 

nez 

for z G C. Notice that the series T(z) could diverge. 

Taking into account the similarities between multipliers and Toeplitz operators, it is nat- 
ural to obtain analogous results for Toeplitz operators and to conjecture that T(z) converges 
for z G spec(S) fl (spec(S_i)) _1 . It is clear that if M is a multiplier on E~ © E, where E~ 
and E are Banach spaces of sequences respectively on Z~ and Z + , then P + M is a Toeplitz 
operator on E. However, despite the extensive literature related to Toeplitz operators, it 
seems that it is not known if every Toeplitz operator is induced by a multiplier on some 
suitable Banach space of sequences on Z. Thus we cannot use our results for the multipliers 
on spaces of sequences on Z to prove similar ones for Toeplitz operators. In this way, we 
apply the methods of Section 2 and we obtain the following theorem, when at least one of 
the operators S and S_i is bounded. 
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1 

p(S-i) 



+OO 



, if p(S) = +00 we have 



Theorem 2. Let T be a Toeplitz operator on E. 

1 ) Forr G ^7)'P( S ) > l f P( S ) < +°° or for r E 
f E L°°(C r ) and \f(z)\ < \\T\\, a.e. on C r . 

2) // S and S_i are bounded and if ^g-^ < p(S), then we have T G 7Y°°(f2) 7 w/iere 
":={zGC|^<|z|<p(S)}. 



3) 7/S is not bounded, but S_i is bounded, T E Tt°°(U), where U :— |z G C 

4) 7/S is bounded, but S_i is not bounded, T E TC°°(V), where V :— j 



p(S-i) 



< u 



}• 



z e C I Ul < 



P(S)}- 



2. Multipliers 



In this section, we prove Theorem 1. We denote by E 1 * the dual space of .E, by || . || the 
norm of E and by || . ||* the norm of E* . For y E E* and x E E, define < x,y >:= y(x). 
For k E Z, setting < x, e& >= x(—k), we will consider e& as an element of £"*. Notice that 
if we set |||x||| = sup^ eT [[^(a;) || , the norm |||.||| is equivalent to the norm ||.||. We have 
sup{|||V ; z(x)|||, x E E, \\\x\\\ = 1} = 1, so without losing generality we can assume that ip z 
is an isometry from E into E, for every z E T. We start with the following lemma. 

Lemma 1. For x E E, we have 



11 1 / p 
fc^+ooll^ k + 1 V ^ 



, , . x[n) e„.) — x 

p=0 n=—p 



0. 



Proof. Fix x E E. The function \1> : z — ► ip z (x) is continuous from T into E. If 
x E -F(Z), this is obvious and if x E E, the continuity follows immediately from (HI) and 
(H3). Consider the Fejer kernels (gk)ke^ C L 1 (T) defined by the formula 



k 



P=0 \m\<p 

1 /sin(^)- 



/sin „ \ * 
-I V 2 ' ) , fort el. 
IV sm £ / 



We have ||<7fc||i,i(T) = 1, for A; G N and lim fc ^ +00 J* 5< | t | <7r gk(z lt )dt = 0, for 5 > 0. Moreover, 
for \n\ < k, 

1 r \n\ 
9k(n) = —J g k {e*)e-«*dt = ' ' 



and for \n\ > k, 



k+1 
9k(n) = 0. 
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We have 

lim ||(<fc*tt)(l)-tt(l)||=0. 

fc— >+oo 

Below we write dz instead of dm(z), where m is the Haar measure on T such that m(T) = 1. 
For n G Z, we have 



(<fo*tt)(l))(n) = (J g k (z)if> z -i(x)d z yi 



n ) = / tffc^)* n x(n)dz = g k (n)x(n). 



So we obtain 

fc II fc j p 

fo* * *)(!) = E ( x - kW x{ji)en = E E e «) 

ra=— fc p=0 n=— p 

and since ^(1) = x, the proof is complete. □ 

Lemma 2. For x E E and M G fJ>(E), the function M. x : T — > defined by 

M x (z) = (^oMo^-i)(x) 

zs continuous. 

Proof. Fix x in F(Z) and M G £t(i£). It is easy to see that 

M x (z) = (ip z o M o ^ z -i)(x) = ip z (M) * x, Vz G T. (2.1) 
Indeed, for some e N, we have 

o M o (ra) = ^ n E ^ ~ p)*~ p s(p), v ™ e z. 

H<fc 

Thus, for every x G -F(Z), the function z — > (ip z o M o ip z -i)(x) is continuous from T into 
E. Since F(Z) is dense in E and ||^ 2 o M o ip z -i \\ < ||M||, for z 6 T, we deduce that M x is 
continuous from T into E, for every iGfi. D 

Denote by the operator of convolution with cf> G F(Z), when (ft * E C E. Then it is 
clear that = 0. We need the following. 

Lemma 3. Let M G n{E), x G E. 

1) We have 

lim ||M k x - Mx\\ = 0, 

fc^+oo 

where for k G N, 

M * = E i^t( E 5") = E (i - irr) ff (") s " 

p=0 n=— p n=—k 

2) ||M k || < ||M||, VA; G N. 

3) // S^ 1 is not bounded, but S is bounded, M(n) = 0, for n < 0, while if S" 1 is bounded, 
but S is not bounded, M(n) = 0, for n > 0. 
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Proof. It is immediate to see that ( 1 — \M(n) converges to M(n), for n G Z and 



fc+i 

assertion 1) follows from the density of F{7j) in E. However the control of the norm of 
is less obvious. The proof follows with some modifications the arguments of [10J in our more 
general case. Consider the Fejer kernels {g k ) k ^n C L X (T) defined in the proof of Lemma 1. 
Fix M G (jl{E). Since Ai x is continuous from T into E, for every x G E and Ai x (l) = Mx, 
we have 

lim \\(g k *M x )(l) -Mx\\ = 0, Vx G E. 
Fix x G F(Z). For k G N, we obtain 



(9k*M x )(l)= / g k (z)M x (z L )dz 
Jt 

g k (z)tp z -i{Mip z (x))dz = / g k (z)(ip z -i(M) * x)dz 



gk(z)i>z-i(M)dz) * x. 



taking into account (12.11) . Then we have 

(gk*M x )(l) = 

We observe that, for \n\ < k, we have 



g k (z)^ z -i(M)dz)(n) = / g k (z)z~ n M(n)dz = g k (n)M(n) 

T ' JT 



\n\ \ 



k + 



-)M{n) 



while for \n\ > k, we get 



Since 



g k (z)ip g -i{M)dz){n) = 0. 



it follows that 



Now it is clear that 



i 

Mu ( / s fc (z)^-i(M)dz). 



|M k a|| = II M k * a| 



g k (z)(ip z -i(M) * a)dz 



gk(z)(ipz-i o M o ip z )(a)dz 



2 || ||a||cb < ||M||||a||, Va G F(Z) 
and, since F(Z) is dense in J5, we obtain ||Mk|| < ||^||, VA; G N. 



< / |0 fc (*)|||^-i||||M| 
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Suppose that S* -1 is not bounded, but S is bounded. Fix fceN. Since 

M k =t(i-^r)w 

n=— k 

is bounded, the operator S' fc ~ 1 M k is bounded. We have the equality 

S k ~ 1 M k =(l- 1 -^- [ )M(-k)S- 1 + (1-^)%)^ 

n=-k+l 

and taking into account that the operator Z)n=-fc+i (l ~~ ^5-^) Af (ri)S' ri+fc ~ 1 is bounded and 

that S^ 1 is not bounded, it is clear that M(—k) = 0. In the same way, composing M k and 
S p , for p = k — 2, k — 3, 1, we obtain that M(— n) = 0, for n > 0. We can use the same 
argument if S~ l is bounded but S is not bounded. Thus the proof is complete. □ 



Lemma 4. Let G -F(Z) foe suc/i i/*ai 4>* E d E. 
1) J/S* and S* -1 are bounded, then 



[z)\ < W4, Vzen-.= {-^- < \z\ < p(s)}. 



■ p(s- 

2) If S is not bounded, but S' 1 is bounded and 4> £ F(Z~), then 

|0(z)| < \\M4, Vz g o := {z g C I \z\ > ^iy}- 

3) J/S" is bounded, but S" 1 not bounded and (f> G F(Z + ), we have 

\4>(z)\ < \\M4, Vz G W := {2 G C I |z| < p(5)}. 

Proof. Suppose that S and S^ 1 are bounded. For z G spec(S'), we have three cases: 
Case 1. The operator S—zI is not injective. Then there exists x G i?\{0} such that Sx = zx. 
Case 2. The operator S* — zl is injective. Then the range of S — zl is dense in E and it is 
not closed. Consequently, there exists a sequence (fp) P en C E such that 



lim 



(s-ziy 



0. 



II/pI 

Case 3. The operator S* — zl is not injective. Then there exists y G i?*\{0} such that 
S*y = zy. 



Fix z G spec(S). First, assume that there exists (h p ) pe f i C E such that 
lim 

It follows immediately that 



lim \\Sh p - z/iJ| = and \\h p \\ = 1, Vp G N. 



lim H^/ip-^/ipll =0, V/cGZ. 
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Then for G F(Z), we have for some N > 0, 



and we obtain 



N 

*h p - 4>{z)h p \\ < V ( sup \(f)(k)\)\\S k h p - z k h p \ 

k=-N W< N 



lim ||0 * hp — (f)(z)h p \\ — 0. 



Since 

|0(z)| = \\cj)(z)h p \\ = \\4>{z)h p - * h p \\ + HM^ipH, 
it follows that \(j>(z)\ < ||Afy||. 

Now assume that there exists y G i?*\{0} such that S*y = zy. We obtain in the same 
way 

\j(z)\ < \\m;\\ = \\M4 

and we conclude that for G F(Z), we have 

\<l>(z)\ < \\M4\l Vz G spec(S). 

If S is bounded and S* -1 is not bounded, the proof is similar. If S is not bounded and S^ 1 
is bounded, we use the spectrum of S 1-1 and the same arguments. Thus in the case when 
p (g-i) = p(S) the proof is complete. 

Suppose again that S and S" -1 are bounded and that ^g-i) < p(S). Fix G F(Z). 
Let R± > 0, i?2 > be such that Ri < R2 and such that the circles Cr x and Cr 2 with 
radius respectively i?i and R2 are included in spec(S). Since is holomorphic on C\{0} and 
\4>{z)\ < for z G C^j U (7r 2 , by the maximum modulus theorem we obtain 

\<Rz)\ < \\ M <fi\l ^ z e fifliA := G C I i?i < |z| < i? 2 }. 

The inclusions C p (s) C spec(S) and C 1 C sjoec(S') imply 

p(s _1 ) 

10(^)1 < ||Afy||, for 2 G J). 

We complete the proof of 2) and 3) with similar arguments taking into account that if 
G F(Z~), the function z — > 4>(z~ l ) is holomorphic on C and if G F(Z + ), is holomor- 
phic on C. □ 

Proof of Theorem 1. Suppose that S and S' 1 are bounded and let M G fx(E). Let 
(Mk)fcgH be the sequence constructed in Lemma 2 so that 

lim ||M k ar- Mx\\ = 0, G E (2.2) 

fe— >+oo 
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and ||M k || < ||M||, VA; G N. Set fc = M^, for k G N, so that M k = M 0fe . For r > and 
a = (a(n)) ne z G E, denote (a) r (n) = a(n)r n . Fix r G [ p(g-i) > P^)]- We have 

|(SfcM*)| < ||M^|| < ||M||, G T, VA; G N. 

We can extract from ( (<pk)r ) a subsequence which converges with respect to the weak 

topology a(L°°(T), L 1 (T)) to a function u r G L°°(T). For simplicity, this subsequence will be 

denoted also by {((t>k)r) ■ We obtain 
V J ken 

lim / ({fa) r (z)g(z)-is r (z)g(z))dz = 0, V<? G ^(T) 
and ||^ r ||oo < ^ is clear that 

lim / ((^) r (z)(^) r (z)g(z) - v r (z)(a) r (z)g(z))dz = 0, V# G L 2 (T), Va G F(Z). 

We conclude that, for a G F(Z), ( (4>k) r (a)r ) converges with respect to the weak topology 



feeN 

of L 2 (T) to v r (a) r . Set u r (n) = z/ r (e rf )e~** n dt, for n G Z and let £v = (v r (n)) n & be the 

sequence of the Fourier coefficients of v r . The Fourier transform from Z 2 (Z) to L 2 (T) defined 
by 

T : Z 2 (Z) 3 (o(n)) neZ — > o| T G L 2 (T) 
is unitary, so the sequence ( (Ms a) r ) = ( (0jfe) r * ( a )r ) converges to v r * (a) r with 
respect to the weak topology of / 2 (Z). Taking into account (12.21) . we obtain 

lim | < (M 6k a) r - (Ma) r , b > | < lim \\M 6k a - Ma\\ \\ (b) r -x ||* = 0, Mb G F(1). 

k— >+oo fc^+oo 

We deduce that 

(Ma) r (n) = (v r * (a) r )(n), \/n G Z, Va G F(Z). 

This implies 

(M) r * (a) r = v r * (a) r ,Va G F(Z) 

and 

(M) r = v r . 

Thus, we have 

M(rz) = M(n)r n z n = ^ v r (n)z n = u r (z), ~iz G T. 

neZ nGZ 

Since ||^ r ||oo < ||M|| , it follows that the function M is essentially bounded by ||M|| on every 
circle included in Q. If p(S) = ^pry> if is clear that spec(S) = C p ^s) = 

We assume below that p(S) > y^pry- Since (<pk)ken is an uniformly bounded sequence 

o , 

of holomorphic functions on Q, we can replace (4>k)k£N by a subsequence which converges to 
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o o 

a function v G Ti,°°(Q) uniformly on every compact subset of SI. Thus, for r g] p fg-i\ , p(S)[, 

the sequence ((<pk)r)km converges uniformly on T to the function z — > virz) and we obtain 
v{j-z) = i/ r (z). We conclude that v{rz) = M(rz), for z G T and we get 

v{z) = M(z) = M(n)z n , for z G SI. 

, o 

Consequently, M is holomorphic on SI. 

Now we will prove that spec(S) = SI. Let a G" spec(S). Then (S — al)^ 1 G fJ>(E) and for 
r > 0, if C r C SI, there exists v r G L°°(T) such that 

?{{{S - al)~ x a)^(z) = v r {z){a) r {z), Vz G T, Va G F(Z). 

Replacing a by (S — al)a, it follows that 

(a) r (z) = u r {z)J r { i {{S — al)a) r ^j (z) = u r (z)(rz — a)(a) r (z), \/z 6 T, Va G E(Z), 

and we get (rz — a)v r (z) = 1. Suppose that ct G C r i.e. a = rz , z G T. For e > 0, there 
exists z e G T such that |rz e — rzo\ < e and |i/ r (ze)| < ||&v||oo- This implies 1 < e||tv||oo and 
we obtain a contradiction. We deduce that C r C spec(S), Si C spec(S) and spec(S) = SI. 
If we suppose that S 1 or S* -1 is not bounded, we obtain the same results by the same argu- 
ment replacing SI by O and W, where O and W are introduced in Lemma 4. Notice that 
when spec(S) = O, we deduce that p(S) = +oo and when spec(S) = W, we conclude that 
p(S~ l ) = +oo. □ 



3. TOEPLITZ OPERATORS 



In this section, we prove Theorem 2. In the same way, as in the proof of Lemma 1, for 
x G E, we obtain 



k _^ n 
n=0 p=0 



:r 



0. 



If G F(Z) is such that * E) C E, we denote by the operator on E defined by 

T^x = P + ((f) * x), for x G E. By the same method, as in Section 2, we obtain the following 
lemma. 



MULTIPLIERS AND TOEPLITZ OPERATORS ON BANACH SPACES OF SEQUENCES 

Lemma 5. 1) Given a Toeplitz operator T on E, the sequence (0„) n gN? where 

n p 
p=0 k=—p 

has the properties 

lim \\T^ n x - Tx\\, Vx G E, and ||T J| < ||T||, Vn G N. 

n— >+oo 

2) 7/S «s bounded, but S_i not bounded, T(k) = 0, for k < 0. 

3) 7/S «s not bounded, but S_i zs bounded, T(k) = 0, for k > 0. 

Lemma 6. 1) 7/S and S_i are bounded, for <p G F(7j), we have 

|?(z)| < ||TJ, Vz G n := G C | -J-j < |z| < p(S)}. 

2) 7/S is not bounded, but S_i zs bounded, for <fi G F(Z~), we aai>e 

10(^)1 < II^H, VzeV:={zeC\ -J-y < |*|}. 

3) 7/S «s bounded, but S_i not bounded, for (j) G F(Z + ), we have 

\$(z)\ < \\T4, Vz G £7 := {2 G C | |z| < p(S)}. 

Proof of Lemma 6. We will present only the proof of 1). The proofs of 2) and 3) 
very similar. Suppose that S and S_i are bounded. Let A G spec(S) R (spec(S_i)) 
A G spec(S), there exists a sequence (/ n )neN> /n E such that 

lim ||S/ n — A/ n || = and ||/ n || = 1, Vn G N 

n— >+oo 

or there exists 

a G E*\{0}, S*a = Aa. 

If (13.11) holds, we obtain 

lim ||S fc /n-A fc /n|| =0and lim ||S fe J n - X~ k f n \\ = 0, VA; G N. 

n— >+oo 

Since A -1 G spec(SI 1 ), there exists a sequence (g n )nen, 9n £ E* such that 

lim ||S* x g n — A _1 o n ||* = and \\g n \\* = 1, Vn G N 

n^+oo 

or there exists 

b G E\{0}, (S*i)*6 = S_!b = A _1 6. 

Next if fl23D holds > we § et 

lim \\(S*) k g n - \ h g n \U = and lim ||(S* J*^ - A^ll* = 0, VA; G N. 
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Suppose that we have (I3.2p and (13.51) . Let a G E*\{0} be such that S*(a) = Aa. Set 

x(-n) =< e n , x >=< S n e , x >=< e , S* n x >, \/x G E* . 
Since F(Z, + ) is dense in E, the map 

E* 3 x — > (x(-n)) n > 

is inject ive. We have 

a {-n) = A"a(0), n > 0. 
Let b G E\{0} be such that S if> = A _1 6. We obtain 

b( n )\ n = 6(0), n > 0. 

Since a ^ and b ^ 0, we have a(0) ^ 0, 6(0) ^ 0. For keN, define w fc G F(Z+) by 

k ^ n k 
n=0 p=0 n=0 

We have linifc^ +00 ||tt& — 6|| =0 and so linifc_^ +00 < Uk,a >=< b,a >. On the other hand, 
Jta < >= Jta £(l - ^ T )A-»6(0)A»a(0) = Jta + l)a(0)K0) = +co. 

n=0 

We obtain an obvious contradiction and we conclude that we cannot have in the same time 
(13. 2p and (13. 5p . hence we have (13.31) or (13.61) . Using the same arguments as in the proof of 
Lemma 4 and (13.31) or (13.61) . we deduce 

|0(A)| < ||TJ, V0 G F(Z), VA G spec(S) n (spe^S^))- 1 . 
By the maximum modulus theorem we obtain 

|0(A)| < ||T ||, V0 G F(Z), VA G n. (3.7) 
If S is bounded and S_i is not bounded, then for A G spec(S) there exists a sequence (h n ) ne ji, 
h n G E such that lim n _^ +00 ||S/i n — A/i n || = and \\h n \\ = 1 or there exists c G E*\{0} such 
that S*c = Ac. Using the same arguments as in the proof of Lemma 4, we obtain 

|0(A)| < ||TJ, V0 G F(Z+), VA G spec(S). 

If S_i is bounded, we use the spectrum of S_i. In the both situations, we obtain the result 
by using the maximum modulus theorem. □ 

Now we will prove the main result in this section. 

Proof of Theorem 2. The proof of Theorem 2 goes by using the same arguments as the 
proof of Theorem 1 with minor modifications. For the convenience of the reader we will give 
the main steps. First, assume that S and S_i are bounded. Let T be a Toeplitz operator on 
E and let (4>k)km C F(Z) be such that 

lim — Ta\\ = 0, Va G E 
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and 

||^J| < ||T||, VkeN. 
For r > and a G E, denote (a) r (n) = a(n)r n . Fix r G [ ^g 1 ^ , p(S)]. We have 

ISM*)! < H^JI < ||T||, Vz G T, Vk G N. 

We can extract from ( (0fc) r ) a subsequence which converges with respect to the weak 
topology a(L°°(T), L 1 (T)) to a function i/ r G L°°(T). For simplicity, this subsequence will be 
denoted also 



by (Ofc)r) 



ken 



We conclude that, for a G -F(Z), ( (0fc) r (a) r ) converges with respect to the weak 

topology of L 2 (T) to v r (a) r . Denote by v r = (iv(n)) ne z the sequence of the Fourier coefficients 
of z/ r . Since the Fourier transform from / 2 (Z) to L 2 (T) is an isometry, the sequence (</>fc) r *(a) r 
converges to ^ r * (a) r with respect to the weak topology of / 2 (Z). On the other hand, 

( Tla ) converges to Ta with respect to the topology of E. Consequently, we have 
V / ken 

lim | < (T 0fc a) r - (Ta) r , e_„ > | 

k^+oo 

< lim \\T^ k a-Ta\\ ||(e_ n ) r -i||* = 0, Vn G N, Va G F(Z + ). 
We conclude that 

(Ta) r = P + {v r * (a) r ), Va G F(Z+). 

Since 

(Ta) r = P + ((f * a) r ), Va G F(Z+), 

it follows that T(n)r n = u r (n), Vn G Z. From the estimation ||tv||oo < II^IIj we deduce that 
the function T is essentially bounded by ||T|| on every circle included in fi. 

If we assume that p(S) > p ^ as in the proof of Theorem 1, we conclude that T is 

o 

holomorphic on O. 

Replacing Q by U and V and using the same arguments, we obtain the results when one 
of the operators S and S_i is not bounded. □ 
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